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We study the evolution of averaged transconductances in three-terminal Josephson junctions when the super-
conducting leads are led throughout a topological phase transition from an s-wave to a p-wave (Majorana) phase
by an in-plane magnetic field Bx . We provide a complete description of this transition as a function of Bx and a
magnetic flux � threading the junction. For that we use a spinful model within a formalism that allows us to treat
on an equal footing the contribution to the transconductance from both the Andreev subgap levels and the con-
tinuum spectrum. We unveil a fractionalization in the quantization of the transconductance due to the presence
of Majorana quasiparticles, reflecting the effective pumping of half a Cooper pair charge in the p-wave regime.
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I. INTRODUCTION

The quest for finding novel topological properties in
condensed-matter systems has drawn increasing attention
both in theoretical and experimental research. Much of the
progress in the field has relied on the idea of the emergence
of topological features by engineering heterostructures of
conventional materials [1–4], driving them out of equilibrium
[5–7] or by the direct design of topological phases with
cold-atom systems [8–11]. In this way, it is now possible
to artificially mimic topological matter without the need of
working with exotic materials per se.

Following this line of thought, multiterminal Josephson
junctions of at least four conventional superconductors cou-
pled through a normal scattering region have been put for-
ward as an exciting platform to engineer Weyl-topological
phases [12]. The existence of Weyl singularities in the spec-
trum of multiply connected networks can be traced back to
the seminal work by Avron et al. [13], who envisioned the
possibility of nontrivial quantization of averaged transconduc-
tances (ATCs) in these devices. Different Josephson junction
(JJ) circuits were also suggested as practical realizations to ex-
perimentally probe topologically protected adiabatic transport
in these artificial setups [14].

More recently, it was shown that three-terminal structures
can also develop topological properties when piercing the cen-
tral scattering region with an external magnetic flux [15,16] or
when driven with an external microwave field [17]. There have
also been proposals to measure the Fubini-Study geometric
tensor [18] and the Berry curvature [17,18] of a multiterminal
JJ using microwaves. Remarkably, all this theoretical activity
has been fueled by several stimulating experiments on multi-
terminal superconducting devices [19–22].

In a multiterminal JJ, ATCs can be experimentally probed
by voltage biasing one of the superconducting reservoirs
as a function of a control parameter and measuring the

phase-averaged current in a different lead. For conventional
s-wave pairing, this would lead to a transconductance
quantization in units of 4e2/h [23]. This outcome can be
simply thought of as a nontrivial adiabatic charge pumping
between leads, say ν and ν ′, a product of the existence of Weyl
sources in the spectrum [12,13]. For vanishing voltage V , the
ATC results in Gνν ′ = QP/(V �T ) = nνν ′2eq�/h, where the
pumping period �T is merely the Josephson period h/2eV
and the phase-averaged pumped charge QP over this period
is an integer multiple (nνν ′ ε Z) of the effective charge of the
Cooper pair q� = 2e.

A natural follow-up question is whether multiterminal JJs
with p-wave pairing that host Majorana fermions may also de-
velop a quantized ATC. Interestingly enough, this would pro-
vide a robust measurement of the effective tunneling charge in
the topological superconductors, which is expected to be q� =
e as in the case of the 4π -periodic fractional Josephson effect
[24–27]. A partial answer using the Kitaev spinless model
was recently found in Ref. [28] for the case of a four-terminal
device (see also [29]). Yet, a complete description of the tran-
sition from the s-wave to the p-wave regime within a spinful
approach in the entire parameter space is still missing. This
is a necessary condition to obtain a unified topological phase
diagram that could be experimentally tested. Even more, the
calculation of the topological invariant associated with the
ATC has so far been mainly based on the Chern numbers of the
Andreev bound states (ABS) [12,16,28–30] despite the fact
that in many regions of the parameter space they cannot be
disentangled from the continuum spectrum above the super-
conducting gap (which might also contribute to the ATC [15]).

In this work, we present the complete topological phase
diagram of a three-terminal JJ obtained by a direct calculation
of the adiabatic corrections to the Josephson current. We use
the general approach developed in Ref. [17], which includes
the contributions from both the ABS and the continuum
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FIG. 1. Scheme of a Josephson trijunction threaded by an exter-
nal magnetic flux �. The superconducting leads (with phases ϕν)
have Rashba spin-orbit coupling and can be driven into a topological
(Majorana) regime by an in-plane magnetic field Bx .

spectrum. To describe the s-wave to p-wave transition, we
consider a junction formed by spinful one-dimensional (1D)
wires with Rashba spin-orbit coupling, proximity-induced su-
perconductivity, and an in-plane magnetic field Bx (see Fig. 1).
This model, introduced in Refs. [24,25], is known to have a
topological phase transition that allows Majorana fermions to
develop at the end of the wires for Bx > Bc, with Bc a crit-
ical field. An external magnetic flux � threading the central
region of the device allows a fine tuning of the topological
properties. For Bx < Bc (s-wave phase), we recover the usual
quantization (4e2/h) whenever the system is gapped, while
for Bx > Bc (p-wave phase) we find a quantization in 2e2/h
that we identify with the development of effective spinless-
like degrees of freedom, which make the measurement of
a fractionalized pumped charge (q� = e) possible. All these
results are summarized in Fig. 2.

II. MODEL HAMILTONIAN

The Hamiltonian of the Josephson trijunction is given by
Ĥ = ∑3

ν=1 Ĥν + ĤT , where Ĥν is the Hamiltonian of the
lead ν, and ĤT describes the Josephson tunneling. We use a
spatially discretized version of the continuum model [24,25]

with N → ∞ lattice sites to describe the leads:

Ĥν = 1

2

N−1∑
j=0

	̂
ν†
j Hν	̂

ν
j + 1

2

N−2∑
j=0

[
	̂

ν†
j Tν	̂

ν
j+1 + 	̂

ν†
j+1T †

ν 	̂ν
j

]
,

(1)

with the four-component spinor in site j defined as 	̂ν
j =

(cν
j↑, cν

j↓, cν†
j↓,−cν†

j↑)T in the Nambu representation and

Hν = (2t − μ)τz ⊗ σ0 + Bxτ0 ⊗ σx + �τx ⊗ σ0,
(2)

Tν = −tτz ⊗ σ0 + iατz ⊗ σz,

where t is the hopping matrix element, μ is the chemical
potential, � is the superconducting order parameter, α is the
spin-orbit coupling, and Bx is the Zeeman field [31]. The
Pauli matrices τa (σa) and the identity τ0 (σ0) act in particle-
hole (spin) space. The junction’s tunneling Hamiltonian ĤT
couples the leads only through their end site. To simplify the
notation, we redefine 	̂1

N−1 ≡ 	̂1, 	̂2
0 ≡ 	̂2, and 	̂3

N−1 ≡ 	̂3

and then write

ĤT = 1

2

∑
ν�ν ′

[	̂ν†Tνν ′	̂ν ′ + 	̂ν ′†T †
νν ′	̂

ν],

(3)
Tνν ′ = (νν ′ei(τz⊗σ0 )[

ϕν−ϕ
ν′

2 −ενν′ �
3 ] + δνν ′U )τz ⊗ σ0,

with T †
νν ′ = Tν ′ν and ενν ′ the totally antisymmetric tensor

such that ε12 = ε23 = ε31 = 1. The dimensionless parameter
� describes a magnetic flux threading the junction (in units
of the flux quantum �0 = h/e) and U is an on-site surface
energy [31].

III. TOPOLOGICAL AVERAGED TRANSCONDUCTANCE

We are interested in computing the current 〈Jν〉 flowing
in lead ν when driving adiabatically the phase of a different
lead ν ′ with a time dependence given by Josephson’s relation

FIG. 2. (a) Zero-temperature average transconductance G12 as a function of the external flux � and the in-plane Zeeman field Bx (in units
of the critical field Bc =

√
�2 + μ2). (b) G12 as a function of the external flux � for different values of Bx . Notice that the effective pumped

charge q� changes from 2e to e when Bx becomes larger than Bc (p-wave or Majorana phase).
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ϕ̇ν ′ = 2eVν ′/h̄. The adiabatic correction to the current expec-
tation value can be calculated using Wigner’s representation
of the two-time out-of-equilibrium Green’s functions and
performing a gradient expansion in the slow timescale (see
Appendix A for details). The ATC results in

Gνν ′ = 1

4π2

∫ 2π

0
dϕ1

∫ 2π

0
dϕ2

∂〈Jν〉
∂Vν ′

= −2e2

h
Wνν ′ , (4)

where

Wνν ′ = 1

8π2

∫
d2ϕ

∫
dω Tr

[
G−1 ∂G

∂ϕν

G−1 ∂G
∂ϕν ′

×G−1 ∂G
∂ω

− ν ↔ ν ′
]

(5)

is the winding number associated with the Green’s function
G, which is topologically quantized whenever there is a gap
at the Fermi energy. The trace is performed on both spin and
particle-hole spaces. In the above expressions, G(ω, {ϕν}) is
the Feynman Green’s function of the entire Hamiltonian in
the total adiabatic limit—it follows the perturbation, {ϕν (t )},
instantaneously at time t . This expression can be manipulated
so as to be written in terms of the projected junction’s Green
function involving only the end sites of the nanowires (GJ );
see Appendix A. We compute GJ numerically by a simple
decimation procedure of the Hamiltonian defined in Eq. (1)
(see Appendix B). Equations (4) and (5), originally derived in
Ref. [17], generalize the ones derived in Ref. [12] since they
provide, on an equal footing, the contribution to the ATC of
both the ABS and the continuum states above the supercon-
ducting gap. In a more recent article, a similar expression in
terms of the scattering matrix was obtained [32]. There are
two points worth mentioning: (i) If both spin projections are
degenerate, then the trace over these variables would simply
result in a factor 2, which means a transconductance quantiza-
tion in units of 4e2/h, and (ii) the Green’s function formalism
implicitly assumes a thermodynamic average (taken here at
zero temperature), which means that if there is a band crossing
of the ABS at zero energy, the transconductance will not
necessarily be quantized.

A. Topological phase diagram

Figure 2 summarizes the main result of this work: (a) a
color map of the thermal transconductance as a function of
the external flux � and the in-plane Zeeman field Bx; (b)
representative cuts of this color map for fixed Bx. For Bx = 0
both spin projections are degenerate and four zero-energy
Weyl points develop as a function of the external flux at �(i)

c
for i = 1, 2, 3, 4, marked with arrows in Fig. 2(b), making
the ATC jump at these singular points between quantized
values of ±4e2/h and zero. As Bx increases, the quantization
does not persist at all flux values, which can only be due
to band overlaps developing in the spectrum at zero energy,
as we shall show below. At this point, we would like to
emphasize that in this entire region (Bx < Bc) the independent
contributions to the ATC of both the ABS and the contin-
uum spectrum are nontrivial and that our method adds them
up to give the correct value. In some cases, it is possible
to separate them by resorting to the so-called topological

FIG. 3. Andreev subgap spectrum along the path ϕ2 = −ϕ1 as
a function of the Zeeman field Bx for μ = 3.2� and spin-orbit
coupling α = 50�. The central magnetic flux was taken to be �(1)

c =
0.53.

Hamiltonian, defined as HJ
top(ϕ1, ϕ2) ≡ −G−1

J (ω = 0), which
has been proven [33,34] to have the same topological prop-
erties as the system described by the entire GJ (ω). Indeed,
the Chern numbers calculated from the spectrum of HJ

top do
agree (see Appendix C) with the results presented in Fig. 2
and, for the particular case of Bx = 0, with those obtained in
Ref. [15].

The most striking result shown in Fig. 2 is manifested
for Bx > Bc, where the ATC only takes quantized values in
2e2/h. For these fields, Majorana degrees of freedom are
expected to emerge in the system, with an effectively spinless
superconductivity that causes the effective charge q� to be that
of the single electron.

B. The junction’s spectral density

To understand these results, we show in Fig. 3 the spectral
density of the trijunction A(ω) = −1/π Im[Tr(Gr

J (ω))] along
the path ϕ2 = −ϕ1 for different values of Bx, where Gr

J (ω)
stands for the retarded junction Green’s function. The external
magnetic flux was taken to be �(1)

c = 0.53, which corresponds
to the first critical flux where a Weyl point appears in the ABS
spectrum at zero magnetic field. As Bx increases, the spin
degeneracy is lifted and the ABSs overlap—as discussed in
Ref. [35]—causing the ATC to be not quantized. At the critical
field Bc =

√
�2 + μ2 the superconducting gap closes, and for

Bx > Bc a zero-energy flat band emerges. The existence of
this dispersionless state can be traced, as discussed below,
to the fact that in the p-wave regime, Majorana modes γ̂ν

develop at the end of each lead ν. Only two effectively spinless
dispersive ABSs coexist inside the gap with the Majorana
band. Notice that in this three-terminal setup, no further
requirement beyond thermal occupation is needed in order to
observe the 2e2/h quantization since for any flux aside from
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FIG. 4. Andreev subgap spectrum along ϕ2 for ϕ1 = 2π as a
function of the Zeeman field Bx for μ = 3.2� and spin-orbit cou-
pling α = 50�. The central magnetic flux was taken to be � = 0.

the critical ones the two ABSs never touch in the Majorana
phase.

In Fig. 4 we show the spectral density along a different path
(ϕ1 = 2π ) as a function of the Zeeman field for no external
flux (� = 0). Here, it becomes clear that the jump in the
ATC from −2e2/h to 2e2/h for Bx > Bc can be traced back
to the emergence of a pseudo-spin-1 Dirac-Weyl point, as
is apparent in the figure for Bx = 1.5 Bc. In this condition,
when the external magnetic flux is turned on, it breaks the
degeneracy between the two ABSs, making them detach from
the zero-energy (Majorana) solution.

We notice that there are situations in which the ABSs are
not detached from the continuum but they merge into it in the
form of resonances (see Figs. 3 and 4)—this is so even in the
Majorana regime (not shown). These mergings do not change
the Green’s function winding number since when two states
become degenerate the Chern number of each one may change
but their sum remains constant [36]. Hence, all changes in the
quantized ATC presented in the topological phase diagram of
Fig. 2 are due to the occurrence of crossings or Weyl points in
the Andreev spectrum at zero energy.

In the p-wave phase (Bx > Bc), the topological Hamilto-
nian Htop is not well defined due to the presence of the Ma-
jorana bound state. However, for Bx � Bc, i.e., deep into the
Kitaev regime, a simple low-energy model helps to describe
and analyze the results. In this case, the tunneling Hamiltonian
takes the form

H eff
T (ϕ1, ϕ2) = it12γ̂1γ̂2 + it23γ̂2γ̂3 + it31γ̂3γ̂1, (6)

with t12 = ̃12 cos ((ϕ1 − ϕ2)/2 − �/3), t23 =
−̃23 cos(ϕ2/2 − �/3), t31 = −̃13 sin(ϕ1/2 + �/3), and
̃i j = i j/2. It possesses two particle-hole symmetric

eigenvectors |ψ±〉 with energies E± = ±
√

t2
12 + t2

13 + t2
23,

which correspond to a finite-energy fermion (two Majorana

degrees of freedom are paired up), and one zero-energy
solution (the flat band) that is merely an “unpaired” Majorana
mode living in the junction. Within this approximation, it
is much easier to show that all the winding comes from the
finite-energy fermionic band whose Chern number

C− = 1

8π

∫ 4π

0
dϕ1

∫ 4π

0
dϕ2[i〈∂ϕ1ψ−|∂ϕ2ψ−〉 − (ϕ1 ↔ ϕ2)]

(7)

changes from −1 to 1 at � = 0 and � = π . In this regime, the
continuum does not contribute. To further check these results,
we have also made use of an analytic expression for the
boundary Green’s function for a Kitaev chain in the wide band
limit [37] to calculate the winding number Wνν ′ . Interestingly,
we do recover the same results as in the spinful model, even
though in this case the continuum has a smoother dependence
in energy than in the complete model.

IV. CONCLUSIONS

By expressing the average transconductance of a multi-
terminal JJ in terms of the Green’s function of the junction,
we have calculated the topological phase diagram of a three-
terminal junction that completely describes the transition from
the s-wave to the p-wave regime within a simple spinful
model. In the former case, we found that transconductance
is quantized in units of 4e2/h, whenever the ABS spectrum
is gapped, while in the latter it is in units of 2e2/h. This
is consistent with a change of the pumped charge over a
Josephson period from 2e to e, a distinctive signature of the
fractional Josephson effect. Notably, in our odd-terminal setup
this occurs under thermal occupation conditions—this is not
the case in a four-terminal JJ; see Ref. [28].

As mentioned above, the Green’s-function formalism used
to calculate the winding number turns out to be essential to
properly account for the contribution of both the Andreev
subgap levels and the continuum states, which are, in general,
unavoidably mixed. In addition, this method possesses several
important advantages. On the one hand, it can in principle
incorporate the effect of interactions, provided a good approx-
imation for the single-particle Green’s function is obtained.
It can also properly handle the presence of an uncoupled
Majorana state always pinned at zero energy. On the other
hand, the method could easily incorporate microscopic details
of the junction through more realistic calculations of the junc-
tion’s Green’s functions that might be relevant for a proper
comparison with experimental data.
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APPENDIX A: ADIABATIC EXPANSION OF THE
JOSEPHSON CURRENT

We present here, for the sake of completeness, the ex-
pression derived in Ref. [17] to calculate the topological
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transconductance of a multiterminal Josephson junction. In
general, the adiabatic expansion of the Josephson current can
be done directly with the Green’s function of the junction’s
Hamiltonian. We begin with Dyson’s equation of motion of
the Green’s function of the entire (noninteracting) Hamilto-
nian H (t ) describing the junction and the leads written in the
Bogoliubov–de Gennes (BdG) representation of particle-hole
and spin spaces used in the main text,

[i∂t − H (t )]Ĝ(t, t ′) = δ(t − t ′), (A1)

where the time dependence appears only on the tunneling
Hamiltonian throughout the superconducting phases. The ap-
proach is based on the separation of slow and fast timescales
in Dyson’s equation by taking advantage of Wigner’s rep-
resentation. Under this formalism, two time variables, the
relative time trel = t − t ′ and the average one tav = t+t ′

2 , are
handled. Time derivatives of the former are used as a small
parameter, making feasible a perturbation scheme. Wigner’s
representation is given by

Ĝ(t, t ′) =
∫ ∞

−∞

dω

2π
e−iω(t−t ′ )G̃(ω, tav),

G̃(ω, tav) =
∫ ∞

−∞
dtrele

iωtrel Ĝ(t, t ′). (A2)

Taking into account that ∂t = 1
2∂tav + ∂trel , Eq. (A1) can be

written to all orders as [38][
ω + i

2
∂tav − e

1
2i ∂

G
ω ∂H

tav H (tav)

]
G̃(ω, tav) = I, (A3)

where we applied the following manipulation:∫ ∞

−∞
eiωtrel H (tav + trel/2)Ĝ

(
tav + trel

2
, tav − trel

2

)
dtrel

=
∫ ∞

−∞
eiωtrel e

trel
2 ∂H

tav H (tav)Ĝ
(

tav + trel

2
, tav − trel

2

)
dtrel

=
∫ ∞

−∞
e

1
2i ∂ω∂H

tav eiωtrel H (tav)Ĝ
(

tav + trel

2
, tav − trel

2

)
dtrel

= e
1
2i ∂

G
ω ∂H

tav H (tav)G̃(ω, tav). (A4)

We are interested in a first-order approximation, where the
Green’s function is perturbed up to first derivatives of the
average time. In that case, Eq. (A3) is given by(

ω + i

2
∂tav − H (tav) − 1

2i

∂H (tav)

∂tav
∂ω

)
G̃(ω, tav) = I. (A5)

Introducing a series expansion for the Green’s function
G̃(ω, tav) = ∑

n G̃ (n), we can obtain the next system of equa-
tions,

(ω − H )G̃ (0) = I, (A6)

(ω − H )G̃ (1) = 1

2i
∂tav H∂ωG̃ (0) + 1

2i
∂tav G̃ (0), (A7)

where the arguments (ω, tav) are omitted for the sake of
brevity. Solving Eq. (A6) and substituting it into Eq. (A7),
we get

G̃ (0) = (ω − H )−1, (A8)

G̃ (1) = 1

2i
G̃ (0)

[
G̃ (0), ∂tav H G̃ (0)

]
, (A9)

where [·, ·] is the commutator. We have also used the

properties of the derivatives of inverse functions ∂λA−1 =
−A−1∂λAA−1, meaning in this case that

∂ωG̃ (0) = −G̃ (0)G̃ (0), (A10)

∂tav G̃ (0) = G̃ (0)∂tav H G̃ (0). (A11)

The mean value of a single-particle operator written in the
BdG basis Ô(t ) = 1

2

∑
αβ 	̂

†
β (t )Oβα	̂α (t ) is given by

〈φ0|Ô(t )|φ0〉 = 1

2
lim

t ′−t→ε+

∑
αβ

Oβα〈φ0|	̂†
β (t ′)	̂α (t )|φ0〉

= − i

2
lim

t ′−t→ε+

∑
αβ

OβαGαβ (t, t ′)

= − i

2
lim

t ′−t→ε+
Tr[OĜ(t, t ′)]. (A12)

By writing Eq. (A12) in Wigner’s representation and expand-
ing the Green’s function up to first order, we obtain

〈O(t )〉 � 1

2
lim

t ′−t→ε+

{
−i

∫ ∞

−∞

dω

2π
Tr[OG̃ (0)] +

∫ ∞

−∞

dω

4π
Tr

(
∂H

∂tav
G̃ (0)O

∂G̃ (0)

∂ω
− OG̃ (0) ∂H

∂tav

∂G̃ (0)

∂ω

)}
. (A13)

By specifying O as the current operator Jν = 2e∂ϕν
H and using that limt ′−t→ε+ ∂tav H = ∑

ν ′ ∂ϕν′ H ϕ̇ν ′ (t ), we get the first-order
correction to the current expectation value given by

〈
J (1)

ν (t )
〉 = e

∑
ν ′

∫ ∞

−∞

dω

4π
Tr

[
∂ϕν′ H · G̃ (0)∂ϕν

H · ∂ωG̃ (0) − ν ′ ↔ ν
]
ϕ̇ν ′ (t )

= −2e2

h̄

∑
ν ′

∫ ∞

−∞

dω

4π
Tr

[
G̃ (0)−1∂ϕν

G̃ (0) · G̃ (0)−1∂ϕν′G (0) · G̃ (0)−1∂ωG̃ (0) − ν ↔ ν ′]Vν ′ . (A14)
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The averaged transconductance then simply results in

Gνν ′ = 1

4π2

∫ 2π

0
dϕ1

∫ 2π

0
dϕ2

∂
〈
J (1)

ν

〉
∂Vν ′

, (A15)

which leads to Eq. (4) used to obtain our main results.
We then recover an expression of this adiabatic transport
coefficient in terms of the Green’s-function winding number.
By noticing that G̃ (0)(ω, tav) depends on the average time tav

only throughout the superconducting phases, we can define
G(ω, {ϕν}) = G̃ (0)(ω, {ϕν (tav)}). Furthermore, since the tun-
neling Hamiltonian acts locally on the end sites of each lead,
this expression can be simplified so as to be written only
in terms of the projected junction Green’s function GJ . The
averaged transconductance can then be written as

Gνν ′ = −2e2

h

1

8π2

∫ 2π

0
d2ϕ

∫
dω

× TrJ
[
∂ϕν′T · GJ · ∂ϕν

T · ∂ωGJ − ν ′ ↔ ν
]
, (A16)

where the phase derivatives have been explicitly written in
terms of the tunneling Hamiltonian T as defined in Eq. (3),
and the trace TrJ acts locally on the junction’s states. We em-
phasize that the result does not depend explicitly on the slow
timescale anymore, since the instantaneous superconducting
phases are integrated out.

APPENDIX B: BOUNDARY GREEN’S FUNCTIONS
OF THE UNCOUPLED LEADS BY DECIMATION

The spinful boundary Green’s function of each one of the
leads is obtained by a numerical decimation procedure applied

to the Hamiltonian

Ĥ = 1

2

N−1∑
j=0

	̂
†
j H	̂ j + 1

2

N−2∑
j=0

[	̂†
j T 	̂ j+1 + 	̂

†
j+1T †	̂ j], (B1)

where the four-component spinor in site j is defined as 	̂ j =
(c j↑, c j↓, c†

j↓,−c†
j↑)T in the Nambu representation and

H = (2t − μ)τz ⊗ σ0 + Bxτ0 ⊗ σx + �τx ⊗ σ0,
(B2)

T = −tτz ⊗ σ0 + iατz ⊗ σz,

where t is the hopping matrix element, α is the spin orbit-
coupling, and Bx is the Zeeman field. The Pauli matrices
τa (σa) and the identity τ0 (σ0) act in particle-hole (spin)
space. The decimation procedure iteratively eliminates at each
step of the Green’s functions equations of motion of even
sites of the chain, eventually encapsulating numerous sites
through a recursion relation using renormalized parameters.
Assuming that the initial undressed Green’s functions of the
left boundary gL

0(ω), the bulk gB
0 (ω), and the right boundary

gR
0 (ω) are all the same and equal to (ω − H)−1, at step n � 1

of the decimation they take the form

gL
n(ω) = [[

gL
n−1(ω)

]−1 − Tn−1gB
n−1(ω)T †

n−1

]−1
, (B3)

gB
n (ω) = [[

gB
n−1(ω)

]−1 − �n−1(ω)
]−1

, (B4)

gR
n (ω) = [[

gR
n−1(ω)

]−1 − T †
n−1gB

n−1(ω)Tn−1
]−1

, (B5)

where the renormalized hoppings are given by

Tn = Tn−1gB
n−1(ω)Tn−1,

(B6)
T †

n = T †
n−1gB

n−1(ω)T †
n−1,

FIG. 5. Upper panels show the spectral density of the three-terminal Josephson junction in the spin-degenerate case (Bx = 0) along the
path ϕ2 = −ϕ1 for different fluxes threading the central scattering region between the leads (a) � = 0, (b) � = 0.3, and (c) � = 0.53. Lower
panels (d), (e), and (f) show the eigenvalues of HJ

top(ϕ) = −G−1
J (ω = 0) for this same path with the same corresponding fluxes. Solid lines

indicate the bands topologically connected with the Andreev bound states, and dashed lines indicate the eigenvalues bearing the topological
information of the continuum states.
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and �n−1(ω) = Tn−1gB
n−1(ω)T †

n−1 + T †
n−1gB

n−1(ω)Tn−1. The
initial tunneling is just the undressed one Tn=0 = T [see
Eq. (B2)]. For sufficiently large n, each of these Green’s
functions accurately represents the left and right boundary
of a semi-infinite chain (generally not equal in topological
systems) and the bulk of an infinite one.

These boundary Green’s functions are used to construct
the three-terminal junction Green’s function (see Fig. 1) as
Gr/a

J (ω) = [g−1(ω ± iη) − T ]−1, where the superscripts r/a
stand for retarded and advanced, respectively, g(ω) is a 12 ×
12 block-diagonal matrix of the form

g(ω) =

⎡⎢⎣gR(ω) 0 0

0 gL(ω) 0

0 0 gR(ω)

⎤⎥⎦, (B7)

and T is the tunneling between the leads as described in
Eq. (3) in the main text. The Feynman Green’s function used
to calculate the winding number is then obtained as

GJ (ω) = Gr
J (ω) + f (ω)

(
Ga

J (ω) − Gr
J (ω)

)
, (B8)

with f (ω) the Fermi-Dirac distribution function.

APPENDIX C: TOPOLOGICAL HAMILTONIAN
FOR B < Bc: CONTRIBUTIONS FROM THE ABS

AND THE CONTINUUM STATES

It was recently stated that, under quite general assumptions,
all the topological information of the total G(ω) of a system
is encoded in the the so-called “topological Hamiltonian”
defined as Htop ≡ −G−1(ω = 0) [33,34]. Notice this is a well-
defined Hermitian operator, since the self-energy �(ω = 0)
has no imaginary part. The key idea is that the entire G(ω)
can be smoothly deformed to Geff(ω) = [ω + G−1(ω = 0)]−1

preserving its topology. In this case, it is easy to prove that the
winding number of the Green’s function in a given parameter
space (ϕ1, ϕ2) can be calculated with the Chern numbers
associated with each of the eigenstates |ψn〉 of Htop as

W12 =
∑
nεocc

Cn
12, (C1)

where the sum runs over all occupied states and

Cn
12 = 1

2π

∫ 2π

0
dϕ1

∫ 2π

0
dϕ2

[
i
〈
∂ϕ1ψn

∣∣∂ϕ2ψn
〉 − (ϕ1 ↔ ϕ2)

]
.

(C2)

This theoretical tool provides a much simpler way of obtain-
ing the topological invariants without the need of an integral
over frequency space [see Eq. (5) in the main text].

In the case of Josephson junctions, the eigenstates resulting
from diagonalizing HJ

top ≡ −G−1
J (ω = 0) should then reflect

the topological nature of both the Andreev subgap structure
and the continuum states above the superconducting gap, as
we shall show below. There is only one caveat: the method
is only applicable in our system for in-plane magnetic fields
below the critical value Bx < Bc, since for larger fields—after
the topological transition—an unpaired Majorana emerges at
zero energy (the “flat band”). In this case, the Green’s function
is singular at ω = 0 and hence not invertible.

FIG. 6. Chern numbers C12 of the Andreev bound states (ABS)
and the continuum states. The lower panel shows the sum of both
contributions.

In the upper panels of Fig. 5 we present the spectral den-
sity of the trijunction A(ω) = −1/π Im[Tr(Gr

J (ω))] along the
path ϕ2 = −ϕ1 for different values of the fluxes threading the
central scattering region between the superconducting leads.
The in-plane magnetic field was chosen to be zero (Bx = 0) so
that the eigenenergies are spin-degenerate. The lower panels
show the outcome of diagonalizing the topological Hamilto-
nian for the corresponding fluxes. Six particle-hole symmetric
and spin-degenerate bands are present. The eigenvalues in
solid lines, which are closer to the Fermi level, should possess
the topological information of the Andreev subgap states,
while the dashed eigenvalues should represent the continuum
states. Note that even though the energy scale is very different
from the original one, the touching of the lowest ABS with
the continuum at ϕ1 = ϕ2 = 0 and zero external flux � = 0
[see Figs. 5(a) and 5(d)] is accurately described, as well as the
closing of the gap between the ABS at the first critical flux
� = �(1)

c = 0.53 [see Figs. 5(c) and 5(f)].
In Fig. 6 we show the Chern numbers of these bands as a

function of the external flux �. The Chern associated to the
ABS (upper panel in Fig. 6) is obtained from the band closer
to the Fermi level, while the one related to the continuum
(middle panel in Fig. 6) is just the sum of the Cherns of the two
lower bands in Fig. 5. All of them are spin-degenerate, and,
as a result, they lead to a simple factor 2 in their respective
topological invariants. The sum of this contributions (lower
panel in Fig. 6) is precisely the winding number of the full
frequency-dependent Green’s function obtained in the main
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text, revealing the validity of the method. Notice also that the
contributions from the ABS agree well with the calculation of
Ref. [15].

This same procedure can be done for every 0 < Bx < Bc,
where the spin degeneracy is lifted. The topological Hamil-
tonian HJ

top possesses in this case 12 different particle-hole

symmetric eigenvalues. In this regime, the contribution from
the continuum states and the Andreev levels cannot be sep-
arated, since the gap closing makes one of the ABSs merge
with the continuum. Nonetheless, the sum of all contributions
up to the Fermi level correctly recovers the s-wave part of the
phase diagram presented in Fig. 2(a) of the main text.
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